Introduction. If f(z)
It should be remarked that Goluzin's Theorem is intuitively obvious for the case where ω (z) is schlicht, for then the Riemann surface corresponding to I z \ < r under f (z) is a subset of the corresponding surface for F(z) 9 and (2) is therefore obtained for any r < 1. If ω (z ) is not restricted to be schlicht, the example f(z) = z 2 , F(z) = z shows that (2) does not always hold for all r < 1; in fact for this case, as pointed out by Goluzin,
while so that the range 0 < r < l/γ2 is the best possible one for the inequality (2).
2.
Theorem. In this paper we extend Goluzin's Theorem to the complete interval 0 < r < 1; that is, we explicitly find a universal function T{r) (which turns out to be a continuous function of r, made up of arcs of polynomials), such that, for any f (z), F (z) satisfying (1), (3) τf\<T{r) (0<r<l),
Ayr)
where we denote lim Γ _, 0 a{r)/A (r) by α(0)Λ4 (0) , and where the inequality (3) is the best possible one, in the sense that for any r (0 .< r < 1) it is possible to find a pair of functions / {z) 9 F{z), satisfying (1), such that (3) 
and either
It is very easy to check that for the cases listed above one actually obtains equality in (3) , so that if (3) can be shown to be generally true it follows that it is the best possible inequality.
Since / (z ) = 0 and \f (z)\ < 1 imply that f (z ) -< z 9 we can, as an application of the theorem, immediately state the following: 
Lemmas.
Before proceeding with the proof proper of the theorem we shall state some known results, and derive some others.
The following notation will be adopted as standard:
Thus Furthermore, as an easy computation shows,
This is an immediate consequence of the Lemma of Schwarz,
This is proved by applying the Lemma of Schwarz to the function (r< 1).
This is a special case of a more general inequality for mean values of arbitrary nonnegative order on the circle |z| = r The proof by Littlewood [2] uses subharmonic functions. A different proof has been given by Goluzin [l] .
with equality for a particular n implying that
The inequality (7) is a known result [l], but we shall repeat the proof to show how (8) follows. The hypothesis is (ϋ) kil < ICil,
Proof. As indicated by (ii), we have | Cι \ > 0, so we can normalize as follows:
We have, according to (ii) and (iii), The circle and the hypotenuse of the triangle intersect in two points with coordinates (Q 9 1) and (l,ζ)), respectively (merging into a single point if Q = 1).
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When Q >_ 1, the point L 3 in the figure has the coordinates (1 9 Q) 9 and L 4 has or, in view of (17) Then (14), (15), (17), (22) where Σ/^x is to be understood to have the value zero; (23) can be rewritten as (24) with equality possible only if conditions (28) and (29) are met. By Lemma (8) (ii), (iii), and (iv), the last sum of (30) Equations (38) and (41) contain the hypotheses of Lemma 7, and the result (5) (ii) of the theorem therefore follows.
In conclusion, it may be remarked that due to Lemma (8)(i), the function T (r) may be written in the compact form Πr) = max {kr 2k ' 2 ) (0 < r < 1).
As an immediate consequence, we have the much weaker result that 
